Abstract. It is a long-standing open question whether every Polish group that is not locally compact admits a Borel action on a standard Borel space whose associated orbit equivalence relation is not essentially countable. We answer this question positively for the class of all Polish groups that embed in the isometry group of a locally compact metric space. This class contains all nonArchimedean Polish groups, for which we provide an alternative proof based on a new criterion for non-essential countability. Finally, we provide the following variant of a theorem of Solecki: every infinite-dimensional Banach space has a continuous action whose orbit equivalence relation is Borel but not essentially countable.
Introduction
Motivated by foundational questions about the intrinsic complexity of various mathematical classification problems, one of the prominent ongoing projects in descriptive set theory seeks to organize the collection of all definable equivalence relations with respect to Borel reductions. Definition 1. Let E and F be analytic equivalence relations on standard Borel spaces X and Y respectively. We say that E Borel reduces to F , in symbols E ≤ B F , if there is a Borel map f : X → Y so that
The simplest equivalence relations in the Borel reduction complexity hierarchy are the ones that can be classified up to the equality relation = Y on some Polish space Y : an equivalence relation E on X is concretely classifiable (or smooth) if there is a Polish space Y so that E ≤ B = Y . Another important class of equivalence relations of relatively low complexity is the class of essentially countable equivalence relations. A Borel equivalence relation E on X is countable if every E-class is countable. We say that E on X is essentially countable if E ≤ B F , for some countable Borel equivalence relation F .
In many interesting cases the equivalence relation under consideration is induced by a Borel action of a Polish group on a standard Borel space. In fact, by the Feldman-Moore theorem [FM77] every countable Borel equivalence relation is the orbit equivalence relation of a countable (discrete) group. Let G be a Polish group. A Borel G-space is a standard Borel space X together with a Borel action of G on X. If X is additionally Polish and the action continuous then we call the Borel G-space X a Polish G-space. If X is a Borel G-space then by [BK96, Theorem 5.2.1] we can always replace X with a Polish space that is Borel isomorphic to it so that the new space is a Polish G-space. If x ∈ X, we denote by [x] the G-orbit of x. To each Borel G-space X we associate the orbit equivalence relation E G X defined by setting xE . Often, dynamical properties of a G-space X are reflected in the complexity of the associated orbit equivalence relation E G X . As a consequence, topological restrictions on G impose restrictions on the complexity of E G X . For example, every orbit equivalence relation induced by a Borel action of a compact Polish group is concretely classifiable since the assignment x → [x] G is a Borel reduction from E G X to the Polish space of all compact subsets of X. In [So00] , Solecki provides a converse to this fact: if G is not compact there is a Borel G-space whose orbit equivalence relation is not concretely classifiable.
Similarly to the compact case, it is a theorem of Kechris [Ke92] , that every orbit equivalence relation induced by any locally compact Polish group G is essentially countable. The question of whether this theorem too admits a converse was raised in [Ke92] Notice that the class of Polish groups described in the statement of Theorem 1.1 contains all non-Archimedean Polish groups, i.e., all groups of the form Aut(N ), where N is a countable structure.
In [So00] , Solecki shows that every infinite dimensional separable Banach space admits a Borel action on a standard Borel space whose associated orbit equivalence relation is analytic non-Borel. Since every essentially countable equivalence relation is Borel, one may conclude with point (ii) above. Our next result shows that the non-essentially countable dynamics of such a Banach space can be witnessed by an orbit equivalence relations which, additionally, is Borel. While the proof of Theorem 1.1 involves techniques from measurable dynamics and several non-elementary theorems from the literatureone of them depending, in turn, on the solution to Hilbert's fifth problem-the proof of Theorem 1.2 relies only on Hjorth's notion of storminess [Hj05] and it is purely topological. It is natural to ask whether a purely topological argument exists for Theorem 1.1. In Section 5 we provide such an argument for the subclass of all nonArchimedean Polish groups. In fact this argument uses a new criterion for showing that an orbit equivalence relation is not essentially countable, developed in Section 4. As in the case of Hjorth's notion of storminess, this criterion involves only the topological aspects of the action. Moreover, its proof is elementary and it is based on a lemma used in the theory of turbulence [Hj00] as well as in [LP18] . We apply this criterion to a Bernoulli shift type of action that can be associated to every non-Archimedean Polish group. We show how these Bernoulli shift actions reflect many other topological properties of such groups. and Todor Tsankov for their active interest in this project and their helpful suggestions. 
where S ∞ acts on each product group K N n by (g · x) i = x g −1 (i) , and each K n is a Polish locally compact group. 
Proof. First note that if K is a Polish locally compact group with Haar measure η, then by identifying each element of K with the associated left-translation action on L 2 (K, η) (the regular representation), we see that K is a closed subgroup of U(H).
Next observe that U(H)
N is also a closed subgroup of U(H). To see this, write H = n H n , where each H n is a copy of H and note that U(H) N can be identified with the closed subgroup of U(H) consisting of all T ∈ U(H) that satisfy T (H n ) = H n , for all n ∈ N.
Finally, we show that S ∞ ⋉ U(H) N is a closed subgroup of U(H). Represent again H as H = n H n as above. Then identify any g ∈ S ∞ with T g ∈ U(H), where T g sends H n to H g(n) by the identity. Call S ∞ this copy of S ∞ within the group U(H). Then S ∞ ⋉ U(H) N can be identified with the internal product S ∞ U(H) N , which is a closed subgroup of U(H).
Let now (X, µ) be a standard non-atomic probability space. By [Ke10, Appendix E], U(H) is a closed subgroup of the Polish group Aut(X, µ) of all automorphisms of (X, µ). Thus G is a closed subgroup of Aut(X, µ) and this gives a Boolean action of G on (X, µ). By [KS11] this action has a spatial realization, i..e., comes from a Borel action of G on X which preserves the measure µ. The proof of Theorem 1.1 is then complete using the next lemma.
). This action preserves µ N and it is free almost everywhere, i.e., the G-invariant Borel set
has measure 1. Thus the action of G on Y is free and preserves the probability measure
Proof. By [BK96, Theorem 5.2.1], we can assume that X is Polish and the action of G on X is continuous. For g ∈ G \ {1}, let
g : x ∈ A g }, and thus there is a sequence x 0 , x 1 , · · · ∈ A g such that
and therefore there is a sequence g 0 , g 1 , . . . with g n = 1, ∀n, and
Consider now the action of G on (X N , µ N ) and put
We want to show that µ N (Z) = 0. Since Z = k Z k , where
and, since µ(
3. Proof of Theorem 1.2
Let Z be a separable Banach space viewed as a Polish group under addition. We will use additive notation and we will set d to be the metric induced by the norm on Z:
Let Lip(Z) be the space of all Lipschitz maps from Z to R. We endow Lip(Z) with the pointwise convergence topology and view it as a Polish Z-space by setting (ζ, f ) → ζ · f with (ζ · f )(z) = f (ζ + z) for every f ∈ Lip(Z) and every ζ, z ∈ Z. For every z 1 , . . . , z k ∈ Z, every ε > 0, and every f ∈ Lip(Z) we will denote by
In order to prove Theorem 1.2 it suffices, by [Hj00, Proposition 2.5], to find a non-empty, Z-invariant, G δ subset X of Lip(Z) so that the Z-space X is stormy. Recall that a Polish G-space X is said to be stormy [Hj00] , if for every non-empty and open V ⊆ G and every x ∈ X we have that the map g → g · x from V to V x is not an open function.
Lemma 3.1. Let G be a Polish group acting continuously and freely on a Polish space X. Then the action is stormy if and only if for every x ∈ X and every open
Proof. By translating the arbitrary open set V from the definition to the identity using the right translation it is easy to see that storminess translates to the condition above, after one replaces (2) with (1) (2
But (2) is equivalent to (2 ′ ), given that the action is free.
Lemma 3.2. There is a Z-invariant, dense and G δ subset X 0 of Lip(Z) so that Z acts freely on X 0 .
Proof. Let ζ be any element of Z with ζ = 0 and consider the set
It is clear that X ζ is open in Lip(Z). To see that X ζ is also dense in Lip(Z) let U := U z 1 ,...,z k ,ε,f be a basic open subset of Lip(Z) and let r > 0 be any number with ||z 1 || < r, . . . , ||z k || < r. Let also [a, b] ⊆ R be any interval of length at most 2r containing the values f (z 1 ), . . . , f (z k ). Set z to be any positive multiple of ζ with ||z|| > 3r + ||ζ||. The assignment
is clearly a Lipschitz map from {z 1 , . . . , z k , z, z + ζ} to R and therefore, by the classical theorem of McShane [McS34] , it extends to some f ′ ∈ Lip(Z). Notice that any such f ′ automatically lies in X ζ ∩ U. By a simple use of the triangle inequality it now follows that ζ∈D X ζ is the desired set, where D is any countable dense subset of Z \{0}. Consider the set S r,z 1 ,...,z k ,ε consisting of all f ∈ Lip(Z) for which there is a ζ ∈ V \ W with ζ · f ∈ U z 1 ,...,z k ,ε,f . In other words, S r,z 1 ,...,z k ,ε is simply the set
Claim. S r,z 1 ,...,z k ,ε is open and dense in Lip(Z).
Proof of Claim. The set S r,z 1 ,...,z k ,ε is clearly open. To see that it is also dense, let U y 1 ,...,y l ,δ,f be any basic open subset of Lip(Z). We will show that U y 1 ,...,y l ,δ,f ∩ S r,z 1 ,...,z k ,ε = ∅.
By shrinking both sets, if necessary, we can assume without loss of generality that k = l, z 1 = y 1 , . . . , z k = y l , ε = δ. Notice that it suffices to find some ζ ∈ V \ W so that for all i, j ≤ k we have that
since, if this is the case, the assignment:
is Lipschitz and it therefore extends by [McS34] to some f ′ ∈ Lip(Z). Any such extension witnesses that the intersection above is indeed nonempty.
It is easy to see that the property which remains to be checked follows from the fact that for every finite A ⊆ Z there is a ζ ∈ V \ W with d(ζ, a) ≥ d(0, a) for all a ∈ A. So let a 1 , . . . , a n be an enumeration of A and for each i ≤ n let a * i be norming functional for a i , i.e., an element of the dual of Z with ||a * i || = 1 and a * i (a i ) = ||a i ||. Let also P i = {η ∈ Z | a * i (η) = 0}. It is easy to see that for every η ∈ P i we have that d(η, a) ≥ d(0, a). But then the subspace P = i≤n P i is of finite codimension. Since Z is infinite dimensional, P is unbounded and taking any ζ ∈ P with ||ζ|| = 3/4r finishes the proof.
Claim
To finish the proof of the Lemma we can simply take X 1 to be the intersection of a countable collection of sets of the form S r,z 1 ,...,z k ,ε , where {z 1 , . . . , z k } varies over all finite subsets of some fixed countable dense subset of Z, and ε, r vary over a sequence of positive reals converging to 0.
We can now finish the proof of Theorem 1.2.
Proof of Theorem 1.2. Let X = X 0 ∩ X 1 where X 0 and X 1 are the sets described in Lemma 3.2 and Lemma 3.3, respectively. By Lemma 3.1 the action of Z on X is stormy and therefore, by [Hj05] the orbit equivalence relation E Z X is not essentially countable. Finally the E Z X is Borel since the action of Z on X is free.
We finish this section with the following question, whose positive answer would generalize Theorem 1.2 to the class of all non-locally compact Abelian Polish groups.
Question 3. Let G be a non-locally compact Abelian Polish group. Does G admit a two-sided invariant metric d with the property: for every open
V ⊆ G with 1 G ∈ V there is an open W ⊆ V with 1 G ∈ W so that for every finite A ⊆ G there is g ∈ V \W with d(g, a) ≥ d(1 G , a), for every a ∈ A.
A game theoretic criterion for non-essential countability
Let X be a Polish G-space and let x, y ∈ X. Let also V be an open neighborhood of 1 in G. We say that y admits a V -approximation from x if there is g * ∈ G, and a sequence (g n ) in V so that (g n g * x) converges to y when n → ∞. We denote this by
The following criterion is the main result of this section. 
and O can be chosen to be comeager.
In order to prove Theorem 4.2, we define a variant of a game introduced in [LP18] , which we denote by Appr V (x, y). For a Polish G-space X, an open neighborhood of the identity V in G, and x, y ∈ X, Odd and Eve play as follows:
(1) in the first turn, Odd plays an open neighborhood U 1 of y, and Eve responds with an element g * ∈ G; (2) in the n-th turn, n > 1, Odd plays an open neighborhood U n of y, and Eve responds with an element g n−1 ∈ V .
The players proceed in this way, producing an element g * ∈ G, a sequence {g n } of elements of V , and a sequence {U n } of open neighborhoods of y in X. Eve wins the game if g * x ∈ U 1 , and g n−1 g * x ∈ U n for n > 1. Clearly, Eve has a winning strategy in the game Appr V (x, y) iff x V y.
It is straightforward to observe the following fact:
Lemma 4. If Eve has a winning strategy in the game Appr V (x, y), then she also has a winning strategy in the same game but with the additional winning conditions that each g n , n > 0, belongs to some given comeager subset V * of V , and each g n−1 g * x, n > 1, belongs to some given comeager subset C of X, provided that the set of g ∈ G such that gx ∈ X 0 is comeager.
In [LP18] , the following well known fact is stated and proved (Lemma
A Bernoulli shift action for non-Archimedean Polish groups
Let G be a non-Archimedean Polish group, i.e., a Polish group admitting a neighborhood basis at the identity of open subgroups. Then there is a countable language L and an L-structure N with universe N so that G = Aut(N ) ⊆ Sym(N) and the basis can be taken to be the pointwise stabilizers of finite subsets of N. Let us refer to such an action G N as a fundamental action. Topological properties of G correlate to properties of these actions. For example: G is compact if and only if all orbits of this action are finite; G is locally compact if and only if there is an open subgroup V of G so that every orbit in the inherited action V N is finite; and G is CLI, i.e., it admits a complete and left invariant metric, if and only if for every sequence (g k ) in G, which is Cauchy with respect to some left invariant metric, we have that every n ∈ N can be attained as the limit (g k · m → k→∞ n) for some m ∈ N, see [Gao98] .
In this section we show that many topological properties of G, similarly translate to generic dynamical properties of another Polish Gspace which we call the Bernoulli shift for G. These generic dynamics have immediate consequences for the complexity of the associated orbit equivalence relation. The Bernoulli shift for G is the action of G on the space R N of all maps x = (x(0), x(1), . . .) from N to R, obtained by permuting the coordinates, i.e., (g · x)(n) := x(g −1 (n)). If for any two sets X and Y we let [X] Y denote the set of injections from Y to X, we observe that [R] N is a G-invariant, dense, G δ subset of R N . For our first application, recall (see e.g., [Ga08, Chapter 6]) that a G-space is generically ergodic if every G-invariant Borel set is meager or comeager. Generic ergodicity is equivalent to the existence of a dense orbit. If moreover, every orbit is meager then the corresponding orbit equivalence relation must be non-smooth. In Application 1, we see that the weaker non-compactness property of a fundamental action G N (the existence of an infinite orbit) is upgraded to a stronger noncompactness property (generic ergodicity) in the case of the Bernoulli shift.
Application 1. G is not compact if and only if the G-space R N has a G-invariant subspace that is generically ergodic with meager orbits.
Proof. The right-to-left direction follows immediately from the aforementioned results that generic ergodicity together with meager orbits imply non-smoothness, recalling the fact mentioned in the introduction that every action of a compact group has a smooth orbit equivalence relation. To prove the converse, recall Neumann's lemma that for any finite A ⊆ N of points with infinite orbits, there exists g ∈ G such that A ∩ g[A] = ∅. If G is not compact, there exists an infinite orbit O in N. Let Y = {z ∈ R N | z(a) = 0 for every a ∈ N \ O}. Then Y is uncountable and G-invariant. Now fix anyâ ∈ O. Then for every r ∈ R, the set {z ∈ Y | z(â) = r} is closed, nowhere dense, and every orbit of the action G Y is contained in a countable union of such sets. Finally, using Neumann's lemma one easily constructs an element of Y with dense orbit.
Remark 6. While we specified a subspace with meager orbits and constructed a point in it with dense orbit, it is an application of Lemma 7 below that in fact, when G is not compact, the orbit closure G · z of the generic z ∈ R N has the stated properties.
For the next application we first recall some definitions and a theorem from [LP18] . Let H be any Polish group. A left-Cauchy sequence is any sequence (h n ) in H which is Cauchy with respect to some topologically compatible left-invariant metric on H. It is right-Cauchy if (h −1 n ) is left-Cauchy. If X is a Polish H-space and x, y are elements of X, then we say that x right Becker-embeds into y if there is a right Cauchy sequence (h n ) in H with h n y → x. The main theorem from [LP18] states that: if for every comeager subset C of X there are x, y ∈ C so that [x] = [y] and x right Becker-embeds into y, then E H X is not Borel reducible to any orbit equivalence relation that is induced by the continuous action of a CLI Polish group. In Application 2, we show that the dynamical property from [Gao98] which characterizes when G is CLI in terms of the action G N, upgrades in the Bernoulli shift of G to the generic dynamical behavior from [LP18] which we just described. As a corollary, we get that every non-Archimedean Polish group which is not CLI, admits a continuous action on a Polish space whose associated orbit equivalence relation is not classifiable by actions of CLI groups. Notice that this corrollary also follows from [Tho06] , since CLI orbit equivalence relations are pinned. N defined by d(x, y) = max{2 −n : x(n) = y(n)} for x = y. As G is non-CLI, we can fix a sequence {g n } in G such that {h n }, where h n = g n . . . g 0 , n ∈ N, is a non-convergent Cauchy sequence with respect to d. Because {h n } clearly converges in [N] N , and G is closed in Sym(N) ⊆ [N] N , {h n } actually converges to some
is also comeager, and so there exists c ∈ C such that o = φ(c) ∈ C. n } is a right Cauchy sequence in X, i.e., it is Cauchy for the right-invariant metric
, it is straightforward to verify that o is right-Becker embeds into o.
In Application 3, we similarly show that the failure of local compactness of G-i.e. the existence of infinite orbits for all inherited actions V N by open subgroups-amplifies to the property we described in Theorem 4.1, when it comes to the Bernoulli shift for G.
Application 3. G is not locally compact iff the G-space R N satisfies the criterion from Theorem 4.1.
We start with a strengthening of Neumann's lemma. m . Now, write O and P as increasing unions of finite sets O n and n P n , respectively, and construct g n = g On,Pn as above. Clearly, {g n } is as required. N be the mapping induced by the shift o n+1 → o n , and the identity on P = N \ {o n }. In other words, φ is defined by φ(x)(o n ) = x(o n+1 ), n ∈ N, φ(x)(n) = x(n), n ∈ P. As a consequence of Application 3, we get that every non-Archimedean Polish group which is not locally compact admits a continuous action on a Polish space whose orbit equivalence relation is not essentially countable. The Bernoulli shift for G can be also used to provide an alternative measure-theoretic proof of this fact, based on [Ke92, Theorem 1.6]. To see this, let µ be the product measure on R N of any non-atomic probability measure on R and notice that it concentrates on [R] N , where G acts freely.
